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Universal angular probability distribution of three
particles near zero energy threshold
Dmitry K. Gridnev
FIAS, Ruth-Moufang-Straße 1, D–60438 Frankfurt am Main, Germany
E-mail: gridnev@fias.uni-frankfurt.de
Abstract. We study bound states of a 3–particle system in R3 described by the
Hamiltonian H(λn) = H0 + v12 + λn(v13 + v23), where the particle pair {1, 2} has
a zero energy resonance and no bound states, while other particle pairs have neither
bound states nor zero energy resonances. It is assumed that for a converging sequence
of coupling constants λn → λcr the Hamiltonian H(λn) has a sequence of levels with
negative energies En and wave functions ψn, where the sequence ψn totally spreads in
the sense that limn→∞
∫
|ζ|≤R |ψn(ζ)|2dζ = 0 for all R > 0. We prove that for large
n the angular probability distribution of three particles determined by ψn approaches
the universal analytical expression, which does not depend on pair–interactions. The
result has applications in Efimov physics and in the physics of halo nuclei.
PACS numbers: 03.65.Ge, 03.65.Db, 21.45.-v, 67.85.-d, 02.30.Tb
1. Introduction
Consider the Hamiltonian of the 3–particle system in R3
H(λ) = H0 + v12 + λ(v13 + v23), (1)
where H0 is the kinetic energy operator with the center of mass removed, λ > 0 is the
coupling constant and none of the particle pairs has negative energy bound states. The
detailed requirements on pair–potentials would be listed in Sec. 3. Suppose that for a
converging sequence of coupling constants λn → λcr there exists a sequence of bound
states ψn ∈ D(H0) such that H(λn)ψn = Enψn, where En < 0, ‖ψn‖ = 1 and En → 0.
The question, whether the sequence ψn totally spreads has been recently considered in
[1, 2]. In [1] it was shown that ψn does not spread if the 2–particle subsystems of H(λn),
H(λcr) have no zero energy resonances. The results of [1] were generalized to many–
particle systems [2], where, in particular, the restriction on the sign of pair–potentials
was removed. In [1] under certain conditions on pair–potentials it was proved that if
the pair of particles {1, 2} has a zero energy resonance and ψn for each n is the ground
state then the sequence ψn totally spreads.
Here we focus again on the situation, where the pair of particles {1, 2} has a zero
energy resonance and the sequence ψn(x, y) (not necessarily ground states! ) totally
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spreads. (For the definition of Jacobi coordinates x, y ∈ R3 see [1] or Sec. 3 of this
paper). Recall that by definition in [1] the total spreading means that
lim
n→∞
∫
|x|2+|y|2≤R
|ψn(x, y)|2 d3xd3y → 0 (for all R > 0). (2)
Thereby, especially interesting is the angular probability distribution of three particles
for large n, which we define below. Let us rewrite the wave function in the form
ψn(ρ, θ, xˆ, yˆ), where the arguments are the so–called hyperspherical coordinates [3]
ρ :=
√|x2|+ |y|2, θ := arctan(|y|/|x|), θ ∈ [0, π/2] and xˆ, yˆ are unit vectors in the
directions of x, y respectively. Then by definition the angular probability distribution is
Dn(θ, xˆ, yˆ) := cos2 θ sin2 θ
∫
ρ5 |ψn(ρ, θ, xˆ, yˆ)|2dρ. (3)
The normalization ‖ψn‖ = 1 implies that∫ π/2
0
dθ
∫
dΩx
∫
dΩy Dn(θ, xˆ, yˆ) = 1, (4)
where Ωx,y are the body angles associated with the unit vectors xˆ, yˆ. The main result
of the present paper (proved in Theorem 3) states that
D∞(θ, xˆ, yˆ) := lim
n→∞
Dn(θ, xˆ, yˆ) = 1
4π3
sin2 θ, (5)
where the convergence is in measure. Equation (5) means that all acceptable pair–
potentials produce the same limiting angular probability distribution, which depends
solely on θ. This is another example of the so–called universality in three–particle
systems, which is, in particular, manifested in the universal asymptotic form of the
infinite discrete spectrum appearing the Efimov effect [4, 5]. Apart from the results in
[1, 2] the proof resides on the ideas expressed in [4, 5, 6, 7]. In the next section we shall
discuss the two–particle case, this material would also be needed in the analysis of the
three–particle case in Sec. 3. At the end of Sec. 3 we show how the distribution in (5)
can be derived fairly easy on a physical level of rigor (this derivation was proposed by
one of the referees). In Sec. 4 we discuss physical applications.
2. The Two-Particle Case Revisited
Let us consider the two–particle Hamiltonian in L2(R3)
h(λ) = −∆x + λv(x), (6)
where λ > 0 is a coupling constant. For the pair potential we assume that
γ := max
[∫
d3x |x|2(1 + |x|δ)|v(x)|2,
∫
d3x (1 + |x|δ)|v(x)|2
]
<∞, (7)
where 0 < δ < 1 is some constant.
The next theorem (which must be known in some form) states that a totally
spreading sequence of bound state wave functions approaches the expression, which
is independent of the details of the pair–interaction.
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Theorem 1. Suppose there is a sequence of coupling constants λn > 0 such that
limn→∞ λn = λcr > 0, and h(λn)ψn = Enψn, where ψn ∈ D(H0), ‖ψn‖ = 1, En < 0,
limn→∞En = 0. If ψn totally spreads then∥∥∥∥ψn − eiϕn
√
kne
−kn|x|
√
2π|x|
∥∥∥∥→ 0, (8)
where ϕn ∈ [0, 2π) are phases and kn :=
√
|En|.
A few remarks are in order. If one takes for ψn the ground states then the sequence
ψn always totally spreads, see the discussion in [6, 8]. In the spherically symmetric
potential s–states always spread, and states, which have a non-zero angular momentum,
do not spread [6]. (This can also be seen from (8), which tells that the wave function
must approach the spherically symmetric form). Let us also note that ψn does not
spread if v(x) ≥ |x|−2+ǫ for |x| ≥ R0 and ǫ ∈ (0, 1), see [8, 9, 10].
Proof of Theorem 1. Obviously, Rn := (ψn, (1 + |x|δ)−1ψn) → 0 because ψn totally
spreads. The Schro¨dinger equation in the integral form reads
ψ˜n =
λn
4π
∫
d3x′
e−kn|x−x
′|
|x− x′| v(x
′)ψ˜n(x
′), (9)
where ψ˜n := ψn/R
1/2
n is the renormalized wave function . Let us set
fn :=
λn
4π
e−kn|x|
|x|
∫
d3x′ v(x′)ψ˜n(x
′). (10)
Our aim is to prove that ‖ψ˜n − fn‖ = O(1). The direct calculation gives
‖ψ˜n − fn‖2 = λ
2
n
16π2
∫
d3xd3x′d3x′′
[
e−kn|x−x
′|
|x− x′| −
e−kn|x|
|x|
]
×
[
e−kn|x−x
′′|
|x− x′′| −
e−kn|x|
|x|
]
v(x′)v(x′′)ψ˜∗n(x
′)ψ˜n(x
′′). (11)
This can be transformed into
‖ψ˜n − fn‖2 = λ
2
n
16π2
∫
d3x′d3x′′
1
k n
{
W (kn(x
′′ − x′)) +W (0)
−W (knx′)−W (knx′′)
}
v(x′)v(x′′)ψ˜∗n(x
′)ψ˜n(x
′′), (12)
where we defined
W (y) :=
∫
d3z
e−|z|e−|z−y|
|z| |z − y| = 2πe
−|y|. (13)
The integral in (13) can be evaluated using the confocal elliptical coordinates, see f. e.
Appendix 9 in [14]. Next, by the obvious inequality |W (y)−W (0)| ≤ 2π|y|
‖ψ˜n − fn‖2 ≤ λ
2
n
8π
∫
d3x′d3x′′{|x′′ − x′|+ |x′|+ |x′′|}|v(x′)||v(x′′)|
×|ψ˜n(x′)||ψ˜n(x′′)| ≤ λ
2
n
2π
∫
d3x′d3x′′|x′||v(x′)||v(x′′)||ψ˜n(x′)||ψ˜n(x′′)|. (14)
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Inserting into the rhs of (14) the identities 1 = (1 + |x′|δ)1/2(1 + |x′|δ)−1/2 and the same
for x′′ and applying the Cauchy–Schwarz inequality gives
‖ψ˜n − fn‖2 ≤ λ
2
nγ
2π
, (15)
where γ is defined in (7). Thus ‖ψ˜n − fn‖ = O(1) and by (10) we have
ψn =
λn
4π
R1/2n dn
e−kn|x|
|x| + o(1), (16)
where dn :=
∫
d3x′ v(x′)ψ˜n(x
′) and o(1) denotes the terms that go to zero in norm.
Using that ‖ψn‖ = 1 we recover the statement of the theorem.
3. The Three–Particle Case
We shall consider the Hamiltonian (1). Let mi and ri ∈ R3 denote particles masses and
position vectors. The reduced masses we shall denote as µik := mimk/(mi +mk). The
pair–interactions vik are operators of multiplication by real Vik(ri − rk). We shall make
the following assumptions
R1 The pair potentials satisfy the following requirement
γ0 := max
i=1,2
max
[∫
d3r|Vi3(r)|2,
∫
d3r|Vi3(r)|(1 + |r|)2δ
]
<∞, (17)
where 0 < δ < 1/8 is a fixed constant. And
− b1e−b2|r| ≤ V12(r) ≤ 0, (18)
where b1,2 > 0 are some constants.
R2 There is a converging sequence of coupling constants λn > 0, limn→∞ λn =
λcr > 0 such that H(λn)ψn = Enψn, where ψn ∈ D(H0), ‖ψn‖ = 1, En < 0,
limn→∞En = 0.
R3 The Hamiltonian H0 + v12 is at critical coupling (For the definition of critical
coupling see [2]). The Hamiltonians H0 + λv13 and H0 + λv23 are positive and
are not at critical coupling for λ = λn, λcr.
Again, let us stress that given that R1 is satisfied one can always tune the coupling
constants so that R2, R3 would be satisfied with ψn being ground states. Besides, the
sequence ψn in this case would totally spread, this is discussed in detail in Sec. 6 in [1].
In the Jacobi coordinates x := [
√
2µ12/~](r2−r1) and y := [
√
2M12/~](r3−m1/(m1+
m2)r1 − m2/(m1 + m2)r2), where Mij = (mi + mj)mk/(m1 + m2 + m3) ({i, j, k} is a
permutation of {1, 2, 3}) the kinetic energy operator takes the form [1, 2]
H0 = −∆x −∆y. (19)
In the following χΩ : R → R denotes the characteristic function of the interval Ω ⊂ R
(for instance, χ[1,∞)(x) is equal to one if x ∈ [1,∞) and is zero otherwise). The next
theorem is the analog of Theorem 1 for the three–particle case.
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Theorem 2. Suppose H(λ) defined in (1) satisfies R1–3. If ψn totally spreads then∥∥∥∥ψn − eiϕnχ[1,∞)(ρ)2π3/2| ln kn|1/2
{|x| sin(kn|y|) + |y| cos(kn|y|)}e−kn|x|
|x|3|y|+ |y|3|x|
∥∥∥∥→ 0, (20)
where ϕn ∈ [0, 2π) are phases, ρ :=
√|x|2 + |y|2 and kn :=√|En|.
Remark. Theorem 2 shows that similar to the two–particle case total spreading in the
considered three–body case is possible only for states with zero angular momentum
(irrespectively of the values of particles’ masses). This can be seen from (20), where in
the limit the wave function depends only on |x|, |y| and is thus invariant under rotations
of x, y. This fact is not that trivial as it may seem. In Theorem 2 we consider only the
situation when a single particle pair has a zero energy resonance. If two particle pairs
have such resonances, one arrives at the Efimov effect, see [11, 4, 5], where there exists
an infinite sequence of energy levels En → 0 with orthonormal wave functions φn. This
sequence of wave functions also totally spreads, see [2]. However, in the case of Efimov
effect it is possible to choose mass ratios in the system in such a way that the sequence
φn would have a non–zero angular momentum, see [12, 13, 5].
Theorem 2 has a useful practical corollary.
Theorem 3. Suppose H(λ) satisfies R1–3. If ψn totally spreads then the angular
probability distribution Dn(θ, xˆ, yˆ) defined in (3) converges in measure to D∞(θ, xˆ, yˆ) =
(4π3)−1 sin2 θ.
Proof. Let us rewrite (20) in hyperspherical coordinates
‖ψn −Θn‖ → 0, (21)
where
Θn :=
eiϕnχ[1,∞)(ρ)
2π3/2| ln kn|1/2
e−knρ cos θ sin(θ + knρ sin θ)
ρ3 cos θ sin θ
. (22)
If we denote by DΘn (θ, xˆ, yˆ) the angular probability distribution given by Θn then the
limiting angular probability distribution is
D∞(θ, xˆ, yˆ) = lim
n→∞
DΘn =
1
4π3
lim
n→∞
1
| ln kn|
∫ ∞
1
e−2knρ cos θ
ρ
sin2(θ + knρ sin θ) dρ, (23)
where the limit is pointwise. Changing the integration variable in the last integral for
t = knρ sin θ and expanding around t = 0 we obtain
D∞(θ, xˆ, yˆ) = 1
4π3
lim
n→∞
1
| ln kn|
∫ ∞
kn sin θ
e−2t cot θ
t
sin2(θ + t) dt =
1
4π3
sin2 θ. (24)
Note that DΘn → D∞ pointwise and uniformly. Now we show that ‖Dn−DΘn ‖1 → 0. To
make the notation shorter we set dΩ˜ := cos2 θ sin2 θdθdΩxdΩy.
‖Dn −DΘn ‖1 ≡
∫ π/2
0
dθ
∫
dΩxdΩy|Dn −DΘn |
=
∫
dΩ˜
∣∣∣∫ |ψn|2ρ5dρ−
∫
|Θn|2ρ5dρ
∣∣∣ ≤ ∫ dΩ˜∫ ρ5∣∣∣|ψn| − |Θn|∣∣∣(|ψn|+ |Θn|) dρ
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≤ ‖ψn −Θn‖
(∫
dΩ˜
∫
ρ5(|ψn|+ |Θn|)2 dρ
)1/2
≤ 2‖ψn −Θn‖, (25)
where we applied twice the Cauchy–Schwarz inequality and ||a| − |b|| ≤ |a− b| for any
a, b ∈ C. Therefore, ‖Dn − D∞‖1 → 0. By the Vitali convergence theorem [15] this is
equivalent to the statement of Theorem 3.
Here we would like to make the following two remarks.
Remark. If instead of Jacobi coordinates one would express the limiting angular
probability distribution in r13 := r3 − r1 and r23 := r3 − r2, which are also “natural”
coordinates for the considered problem, then it would depend not only on the ratio
|r13|/|r23| but also on the angle between these vectors. Let us also note that if the pair
of particles {1, 2} would be marginally bound with the energy E12 and the sequence of
ground states ψn would be such that En < E12, En → E12 then ψn totally spreads, see
[7]. However, in this case it is easy to show that the angular probability distribution
approaches the delta–distribution.
Remark. Theorem 3 states that the angular probability distribution converges in
measure, which is equivalent to ‖Dn − D∞‖1 → 0, whereby Dn corresponds to ψn
in R2 and the meaning of ‖ · ‖1 is explained in (25). It should be stressed here that
Dn does not converge to D∞ pointwise everywhere. Indeed, for smooth interactions one
expects that ψn at |x| = 0 should be finite; by definition (3) this immediately implies
that Dn = 0 if θ = π/2. Nevertheless, the limiting angular probability distribution D∞
is not zero at θ = π/2, on the contrary, it has its maximum at this point! At θ 6= π/2
one should expect a pointwise convergence.
Lemma 1. Suppose H(λ) defined in (1) satisfies R1–3. If ψn totally spreads then
ψn = [H0 + k
2
n]
−1|v12|ψn + o(1), (26)
where o(1) denotes the terms that go to zero in norm.
Proof. Rearranging in different ways the terms in the Schro¨dinger equation for ψn we
derive three integral equations, see [2]
ψn = [H0 + k
2
n]
−1
(
|v12| − λnv13 − λnv23
)
ψn, (27)
ψn = [H0 + λn(v13)+ + λn(v23)+ + k
2
n]
−1
(
|v12|+ λn(v13)− + λn(v23)−
)
ψn, (28)
ψn = [H0 + λn(v13)+ + k
2
n]
−1
(
|v12|+ λn(v13)− − λnv23
)
ψn, (29)
where (vik)± = max[0,±vik]. By (27) the Lemma would be proved if we can show that
Fn := λn[H0 + k
2
n]
−1v13ψn = o(1), (30)
λn[H0 + k
2
n]
−1v23ψn = o(1). (31)
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Below we prove (30), eq. (31) is proved analogously. Substituting (28) into (30) we split
Fn in three parts
Fn =
3∑
i=1
F (i)n , (32)
where
F (1)n = [H0 + k
2
n]
−1v13[H0 + λn(v13)+ + λn(v23)+ + k
2
n]
−1|v12|ψn, (33)
F (2)n = λn[H0 + k
2
n]
−1v13[H0 + λn(v13)+ + λn(v23)+ + k
2
n]
−1(v23)−ψn, (34)
F (3)n = λn[H0 + k
2
n]
−1v13[H0 + λn(v13)+ + λn(v23)+ + k
2
n]
−1(v13)−ψn. (35)
We introduce another pair of Jacobi coordinates η = [
√
2µ13/~](r3 − r1) and
ζ = [
√
2M13/~](r2 −m1/(m1 +m3)r1 −m3/(m1 +m3)r3). The coordinates (η, ζ) and
(x, y) are connected through the orthogonal linear transformation
x = mxηη +mxζζ, (36)
y = myηη +myζζ, (37)
where mxη, mxζ 6= 0, myη, myζ are real and can be expressed through mass ratios in the
system. F13 denotes the partial Fourier transform, which acts on f(η, ζ) as
F13f := fˆ(η, pζ) = 1
(2π)3/2
∫
d3ζ e−ipζ · ζf(η, ζ). (38)
Let us introduce the operator function
B˜13(kn) := F−113 t˜n(pζ)F13, (39)
where
t˜n(pζ) =
{
|pζ |1−δ + (kn)1−δ if |pζ| ≤ 1
1 + (kn)
1−δ if |pζ| ≥ 1. (40)
We set tilde over the operator in order to distinguish it from the one defined in
Eq. (18) in [1]. Note that B˜13(kn) and B˜
−1
13 (kn) for each n are bounded operators.
Using the inequalities from [2] (see Eqs. (17)–(24) in [2]) we obtain
|F (1)n | ≤ [H0 + k2n]−1|v13|[H0 + k2n]−1|v12||ψn| = [H0 + k2n]−1|v13|1/2B˜13(kn)Ψ(1)n , (41)
|F (2)n | ≤ λn[H0 + k2n]−1|v13|[H0 + k2n]−1|v23||ψn| = [H0 + k2n]−1|v13|1/2B˜13(kn)Ψ(2)n , (42)
where
Ψ(1)n := |v13|1/2B˜−113 (kn)[H0 + k2n]−1|v12||ψn|, (43)
Ψ(2)n := λn|v13|1/2B˜−113 (kn)[H0 + k2n]−1|v23||ψn|. (44)
To write the upper bound on |F (3)n | we use the following expression, which follows from
(29), c. f. Eq. (15) in [2]
(v13)
1/2
− ψn = Qn(v13)
1/2
− [H0 + λn(v13)+ + k
2
n]
−1(|v12| − λnv23)ψn, (45)
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where we defined
Qn :=
{
1− λn(v13)1/2− [H0 + λn(v13)+ + k2n]−1(v13)1/2−
}−1
. (46)
Qn is a positivity preserving operator and supn ‖Qn‖ < ∞, see Lemma 1 in [2] and
Lemma 12 in [1]. Substituting (45) into (35) and using the positivity preserving property
of the operators (see the discussion after Eq. (16) in [2]) we get
|F (3)n | ≤ λn[H0 + k2n]−1|v13|[H0 + k2n]−1(v13)1/2− Qn(v13)1/2−
×[H0 + k2n]−1(|v12|+ λn|v23|)|ψn| = [H0 + k2n]−1|v13|1/2B˜13(kn)Ψ(3)n , (47)
where
Ψ(3)n := λn|v13|1/2[H0 + k2n]−1(v13)1/2− QnB˜−113 (kn)(v13)1/2−
×[H0 + k2n]−1(|v12|+ λn|v23|)|ψn|. (48)
Summarizing, (41), (42) and (47) can be expressed through the inequality
|F (i)n | ≤ LnΨ(i)n (i = 1, 2, 3), (49)
where
Ln := [H0 + k2n]−1|v13|1/2B˜13(kn). (50)
From Lemma 2 it follows that ‖F (i)n ‖ → 0.
Lemma 2. The operators Ln are uniformly norm–bounded and ‖Ψ(i)n ‖ → 0 for i =
1, 2, 3.
Proof. The proof that Ln are uniformly norm–bounded is similar to Lemma 6 in [1].
Indeed, Kn := F13LnF−113 is an integral operator with the kernel
kn(η, η
′; pζ) =
e−
√
p2
ζ
+k2n|η−η
′|
4π|η − η′| |V13(α
′η′)|1/2t˜n(pζ), (51)
where α′ := ~/
√
2µ13, which acts on f(η, pζ) ∈ L2(R6) as follows
Knf =
∫
d3η′kn(η, η
′; pζ)f(η
′, pζ). (52)
Therefore, we can estimate the norm as
‖Ln‖2 = ‖Kn‖2 ≤ sup
pζ
∫
|kn(η, η′; pζ)|2 d3η′d3η = C0 sup
pζ
|t˜n(pζ)|2√
p2ζ + k
2
n
, (53)
where
C0 :=
1
16π2
(∫
e−2|s|
|s|2 d
3s
)(∫
|V13(α′η)|d3η
)
≤ γ0
8π
, (54)
and γ0 was defined in (17). Substituting (40) into (53) it is easy to see that ‖Ln‖ is
uniformly bounded. Let us rewrite (43) as
Ψ(1)n := [M(1)n +M(2)n ]|v12|1/2|ψn|, (55)
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where
M(1)n := |v13|1/2
{
B˜−113 (kn)− (1 + (kn)1−δ)−1
}
[H0 + k
2
n]
−1|v12|1/2, (56)
M(2)n := (1 + (kn)1−δ)−1|v13|1/2[H0 + k2n]−1|v12|1/2. (57)
By the no–clustering theorem ‖|v12|1/2|ψn|‖ → 0, see Appendix in [2]. Thus to prove that
‖Ψ(1)n ‖ → 0 it is enough to show that supn‖M(1,2)n ‖ <∞. It is easy to see that ‖M(2)n ‖ is
uniformly norm–bounded, see f. e. the proof of Lemma 7 in [1]. Next, ‖M(1)n ‖ = ‖K ′n‖,
where K ′n := F13MnF−113 is the integral operator with the kernel
k′n(η, pζ, η
′, p′ζ) =
1
27/2π5/2ω3
[
t˜−1n (pζ)− (1 + (kn)1−δ)−1
]
|V13(α′η)|1/2
×e
−
√
p2
ζ
+k2n|η−η
′|
|η − η′| exp
{
i
β
ω
η′ · (pζ − p′ζ)
}
̂|V12|1/2((pζ − p′ζ)/ω), (58)
β := −m3~/((m1 +m3)
√
2µ13) and ω := ~/
√
2M13 (see the proof of Lemma 9 in [1]).
In (58)
̂|V12|1/2 denotes merely the Fourier transform of |V12|1/2 ∈ L2(R3). Calculation
of the Hilbert–Schmidt norm gives
‖M(1)n ‖2 ≤
C ′0
8ω3π3
∫
|pζ|≤1
[|pζ|1−δ + (kn)1−δ]−2√
p2ζ + k
2
n
d3pζ ≤ C
′
0
8ω3π3
∫
|pζ|≤1
d3pζ
|pζ|3−2δ , (59)
where
C ′0 := C0
∫
d3s
∣∣∣̂|V12|1/2(s)∣∣∣2. (60)
From (59) it follows that ‖M(1)n ‖ is uniformly bounded and, hence, ‖Ψ(1)n ‖ → 0. The
fact that ‖Ψ(2)n ‖ → 0 is proved analogously. To prove that ‖Ψ(3)n ‖ → 0 let us look at
(48). We can write
Ψ(3)n = λnT (1)n Qn(T (2)n |v12|1/2|ψn|+ T (3)n |v23|1/2|ψn|), (61)
where we defined the operators
T (1)n := |v13|1/2[H0 + k2n]−1(v13)1/2− , (62)
T (2)n := B˜−113 (kn)(v13)1/2− [H0 + k2n]−1|v12|1/2, (63)
T (3)n := λnB˜−113 (kn)(v13)1/2− [H0 + k2n]−1|v23|1/2. (64)
The operators Qn are uniformly norm–bounded. The operators T (1)n are also uniformly
norm–bounded. Note that T (2)n = M′(1)n +M′(2)n , where M′(1,2)n is defined exactly as
M(1,2)n except that |v13| gets replaced with (v13)−. Thus from the above analysis it
follows that ‖T (2)n ‖ is uniformly bounded. By similar arguments ‖T (3)n ‖ is uniformly
bounded. Thus due to ‖|vik|1/2|ψn|‖ → 0 (see the no–clustering theorem in [2]) the
expression on the rhs of (61) goes to zero in norm.
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Proof of Theorem 2. Instead of (20) it suffices to prove that∥∥∥∥∥ψˆn −
√
2eiϕn
4π| ln kn|1/2
χ[kn,1](|py|)e−|py||x|
|x||py|
∥∥∥∥∥→ 0, (65)
where the hat denotes the action of the partial Fourier transform F12, see Eq. (17) in
[1]. Indeed, computing explicitly the inverse Fourier transform
√
2
(4π)| ln kn|1/2F
−1
12
(
χ[kn,1](|py|)e−|py||x|
|x||py|
)
=
1
2π3/2| ln kn|1/2
1
|x||y|(|x|2 + |y|2)
×
{
e−|x|[−|x| sin |y| − |y| cos |y|]− e−kn|x|[−|x| sin(kn|y|)− |y| cos(kn|y|)]
}
(66)
Now (20) follows directly from (66), (65) after dropping those terms, whose norm goes
to zero.
By Lemma 1 ‖ψn − f (1)n ‖ → 0, where we have set f (1)n := [H0 + k2n]−1|v12|ψn. From
the Schro¨dinger equation for the term
√|v12|ψn we obtain√
|v12|ψn = −
{
1−
√
|v12|(H0 + k2n)−1
√
|v12|
}−1√
|v12|
×[H0 + k2n]−1(λnv13 + λnv23)ψn. (67)
Substituting (67) into the expression for f
(1)
n results in
f (1)n = [H0 + k
2
n]
−1
√
|v12|
{
1−
√
|v12|(H0 + k2n)−1
√
|v12|
}−1
Φn, (68)
where
Φn := −λn
√
|v12|[H0 + k2n]−1(v13 + v23)ψn. (69)
From the proofs of Lemmas 6, 9 in [1] it follows that the operators
√|v12|[H0 +
k2n]
−1
√
|vs3| and B−112 (kn)
√
|v12|[H0+k2n]−1
√
|vs3|, where B12(kn) is defined in Eqs. (18)–
(19) in [1], are uniformly norm–bounded for s = 1, 2. Thus by (69) and Theorem 3 in
[2] ‖Φn‖ → 0 and ‖B−112 (kn)Φn‖ → 0. Acting with F12 on (68) gives
fˆ (1)n = [−∆x + p2y + k2n]−1
√
|v12|
{
1−
√
|v12|(−∆x + p2y + k2n)−1
√
|v12|
}−1
Φˆn. (70)
Because ‖Φˆn‖ → 0 we can write
fˆ (1)n = fˆ
(2)
n + o(1), (71)
where
fˆ (2)n := χ[0,ρ0]
(√
p2y + k
2
n
)
fˆ (1)n , (72)
and ρ0 is a constant defined in Lemma 11 in [1]. Now using Lemma 11 in [1] (see also
discussion around Eq. (111) in [1]) we obtain
fˆ (2)n = fˆ
(3)
n + χ[0,ρ0]
(√
p2y + k
2
n
)
F12A12(kn)F−112 Z
(√
p2y + k
2
n
)
B−112 (kn)Φˆn, (73)
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where A12(kn) := [H0 + k2n]−1
√|v12|B12(kn) and Z defined in [1] remain uniformly
norm–bounded for all n, see Lemmas 6, 11 in [1]. The function fˆ
(3)
n is defined as follows
fˆ (3)n := χ[0,ρ0]
(√
p2y + k
2
n
)
[−∆x + |py|2 + k2n]−1
√|v12|
a
√|py|2 + k2nP0Φˆn, (74)
where a and P0 are defined in Eq. (80) and Lemma 11 in [1]. Therefore, since
‖B−112 (kn)Φn‖ → 0
fˆ (2)n = fˆ
(3)
n + o(1). (75)
It makes sense to introduce
gn(y) :=
∫
d3xφ0(x)Φn(x, y), (76)
where φ0 was defined in Eq. (77) in [1]. The following inequality trivially follows from
the exponential bound on V12 and the definition of φ0
φ0(x) ≤ b′1e−b
′
2
|x|, (77)
where b′1,2 > 0 are constants. From the pointwise exponential fall off of ψn it follows
that gn ∈ L2(R3) ∩ L1(R3) for each n. We rewrite (74) with the help of (76)
fˆ (3)n = χ[0,ρ0]
(√
p2y + k
2
n
)
[−∆x + p2y + k2n]−1
√|v12|φ0(x)gˆn(py)
a
√
p2y + k
2
n
= χ[0,ρ0]
(√
p2y + k
2
n
) gˆn(py)
4πa
√
p2y + k
2
n
∫
d3x′
e−
√
p2y+k
2
n|x−x
′|
|x− x′| φ0(x
′)|V12(αx′)|1/2, (78)
where α := ~/
√
2µ12. Next, let us define
fˆ (4)n := χ[0,ρ0]
(√
p2y + k
2
n
) gˆn(0)
4πa
√
p2y + k
2
n
∫
d3x′
e−
√
p2y+k
2
n|x−x
′|
|x− x′| φ0(x
′)|V12(αx′)|1/2, (79)
where gˆn(0) ∈ C is well-defined since gn ∈ L1(R3) for each n. Using Lemma 3 and the
notation in (13) gives
‖fˆ (4)n − fˆ (3)n ‖2 ≤
∫
d3py χ[0,ρ0]
(√
p2y + k
2
n
) c2n|py|2δ
16π2a2(p2y + k
2
n)
3/2
×
∫
d3x′
∫
d3x′′W
(√
p2y + k
2
n(x
′′ − x′)
)
φ0(x
′)|V12(αx′)|1/2φ0(x′′)|V12(αx′′)|1/2
≤ ϑ
2c2n
16π2a2
∫
d3py χ[0,ρ0]
(√
p2y + k
2
n
) |py|2δ
(p2y + k
2
n)
3/2
, (80)
where we used W (s) ≤ 2π and set
ϑ :=
∫
d3x′φ0(x
′)|V12(αx′)|1/2. (81)
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The constant in (81) is bounded, hence, by Lemma 4 ‖fˆ (4)n − fˆ (3)n ‖ → 0. As the next
step we introduce
fˆ (5)n := χ[0,ρ0]
(√
p2y + k
2
n
)R(√p2y + k2n)gˆn(0)
4πa
√
p2y + k
2
n
e−
√
p2y+k
2
n|x|
|x| , (82)
where
R(s) :=
∫
d3x′
e−s|x
′|
|x′| φ0(x
′)|V12(αx′)|1/2. (83)
Like in the proof of Theorem 1 we evaluate the square of the norm of the difference
‖fˆ (5)n − fˆ (4)n ‖2 ≤
∫
d3py χ[0,ρ0]
(√
p2y + k
2
n
) |gˆn(0)|2
16π2a2(p2y + k
2
n)
3/2
×
∫
d3x′
∫
d3x′′
{
W
(√
p2y + k
2
n(x
′′ − x′)
)
+W (0)−W
(√
p2y + k
2
nx
′
)
−W
(√
p2y + k
2
nx
′′
)}
φ0(x
′)|V12(αx′)|1/2φ0(x′′)|V12(αx′′)|1/2
≤ |gˆn(0)|
2
2πa2
∫
d3py
χ[0,ρ0]
(√
p2y + k
2
n
)
(p2y + k
2
n)
×
∫
d3x′
∫
d3x′′ |x′|φ0(x′)|V12(αx′)|1/2φ0(x′′)|V12(αx′′)|1/2. (84)
On account of R1 and (77) we conclude that ‖fˆ (5)n − fˆ (4)n ‖ → 0 since |gˆn(0)| → 0 by
Lemma 4. Observe that
|R(s)− R(0)| ≤ sϑ, (85)
where ϑ is defined in (81). Hence, ‖fˆ (6)n − fˆ (5)n ‖ → 0, where by definition
fˆ (6)n := χ[0,ρ0]
(√
p2y + k
2
n
) R(0)gˆn(0)
4πa
√
p2y + k
2
n
e−
√
p2y+k
2
n|x|
|x| . (86)
Simplifying the argument of the exponential function we define
fˆ (7)n := χ[0,ρ0]
(√
p2y + k
2
n
) R(0)gˆn(0)
4πa
√
p2y + k
2
n
e−|py||x|
|x| . (87)
After straightforward calculation we obtain
‖fˆ (7)n − fˆ (6)n ‖2 =
∫
d3py χ[0,ρ0]
(√
p2y + k
2
n
) R2(0)|gˆn(0)|2
4πa2(p2y + k
2
n)
×
[
1
2
√
p2y + k
2
n
+
1
2|py| −
2√
p2y + k
2
n + |py|
]
. (88)
Replacing in the last fraction |py| with
√
p2y + k
2
n results in the following inequality
‖fˆ (7)n − fˆ (6)n ‖2 ≤
R2(0)|gˆn(0)|2
8πa2
∫
d3py
χ[0,ρ0]
(√
p2y + k
2
n
)
(p2y + k
2
n)
[
1
|py| −
1√
p2y + k
2
n
]
. (89)
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The integrals can be calculated explicitly, see [16], which results in ‖fˆ (7)n − fˆ (6)n ‖ → 0.
At last, we simplify the expression setting
fˆ (8)n :=
R(0)gˆn(0)
4πa
χ[kn,1](|py|)e−|py||x|
|x||py| . (90)
Again, one easily finds that ‖fˆ (8)n − fˆ (7)n ‖ → 0. Summarizing, we have ‖fˆ (i+1)n − fˆ (i)n ‖ → 0
for i = 1, . . . , 7. Thus from ‖ψˆn− fˆ (1)n ‖ → 0 it follows that ‖ψˆn− fˆ (8)n ‖ → 0. Using that
‖ψˆn‖ = 1 we obtain (65).
Lemma 3. There exists a sequence cn > 0, cn → 0 such that
|gˆn(py)− gˆn(0)| ≤ cn|py|δ, (91)
where δ is defined in (17).
Proof. The trivial inequality |eipy·y − 1| ≤ |py|δ|y|δ implies that
|gˆn(py)− gˆn(0)| ≤
∫
d3y|eipy·y − 1||gn(y)| ≤ |py|δcn, (92)
where cn =
∫
d3y|y|δ|gn(y)| goes to zero by Lemma 4.
The following lemma makes use of the absence of zero energy resonances in particle
pairs {1, 3} and {2, 3}.
Lemma 4. The sequence cn =
∫
d3y(1 + |y|δ)|gn(y)| is well-defined and goes to zero.
Proof. By definitions (76) and (69) we have |gn(y)| ≤ |g(1)n (y)|+ |g(2)n (y)|, where
g(1)n (y) := λn
∫
d3xφ0|v12|1/2[H0 + k2n]−1v13ψn, (93)
g(2)n (y) := λn
∫
d3xφ0|v12|1/2[H0 + k2n]−1v23ψn. (94)
Consequently cn ≤ c(1)n + c(2)n , where
c(i)n :=
∫
d3y(1 + |y|δ)|g(i)n (y)|. (95)
Below we shall prove that c
(1)
n → 0, the fact that c(2)n → 0 is proved analogously. Let
us mention that appearing below integrals and interchanged oder of integration can be
easily justified using the pointwise exponential fall off of ψn [17].
We have
|g(1)n (y)| ≤
∫
d3x |V12(αx)|1/2φ0(x)|Fn|(x, y), (96)
where Fn was defined in (32). On account of R1 and (77) it follows that
|g(1)n (y)| ≤ b˜1
∫
d3xe−b˜2|x||Fn|(x, y), (97)
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where b˜1,2 > 0 are constants. Using (32) and (49)–(50) gives
|Fn| ≤
3∑
i=1
|F (i)n | ≤
3∑
i=1
F˜ (i)n , (98)
F˜ (i)n := [H0 + k
2
n]
−1|v13|1/2B˜13(kn)Ψ(i)n . (99)
Substituting (97), (98) into (95) we obtain
c(1)n ≤ b˜1
3∑
i=1
∫
d3η d3ζ
(
1 + |myηη +myζζ |δ
)
e−b˜2|mxηη+mxζζ|F˜ (i)n (η, ζ). (100)
Let us consider the term F˜
(i)
n (η, ζ). Acting on it with direct and inverse partial Fourier
transforms (38) we get
F˜ (i)n = F−113 [−∆η + p2ζ + k2n]−1|v13|1/2tn(pζ)Ψˆ(i)n , (101)
where Ψˆ
(i)
n = F13Ψ(i)n . This can be explicitly rewritten as
F˜ (i)n (η, ζ) =
1
27/2π5/2
∫
d3η′d3pζ e
ipζ ·ζ |V13(α′η′)|1/2 e
−
√
p2
ζ
+k2n|η−η
′|
|η − η′| t˜n(pζ)Ψˆ
(i)
n (η
′, pζ). (102)
Hence,
|F˜ (i)n (η, ζ)| ≤
1
27/2π5/2
∫
d3η′d3pζ |V13(α′η′)|1/2 e
−
√
p2
ζ
+k2n|η−η
′|
|η − η′| t˜n(pζ)|Ψˆ
(i)
n (η
′, pζ)|. (103)
Substituting (103) into (100) and interchanging the order of integration we obtain the
inequality
c(1)n ≤
b˜1
27/2π5/2
3∑
i=1
∫
d3η′
∫
d3pζ |V13(α′η′)|1/2t˜n(pζ)|Ψˆ(i)n (η′, pζ)|J(η′, pζ), (104)
where we define
J(η′, pζ) :=
∫
d3η
∫
d3ζ
e−
√
p2
ζ
+k2n|η−η
′|
|η − η′|
(
1 + |myηη +myζζ |δ
)
e−b˜2|mxηη+mxζζ|. (105)
Applying the Cauchy–Schwarz inequality to (104) gives
c(1)n ≤
b˜1
27/2π5/2
3∑
i=1
‖Ψ(i)n ‖
(∫
d3η′
∫
d3pζ |V13(α′η′)| t˜ 2n (pζ) J2(η′, pζ)
)1/2
. (106)
Inserting the estimate from Lemma 5 we finally get
c(1)n ≤
b˜1c
√
C
25/2π2
3∑
i=1
‖Ψ(i)n ‖
(∫ 1
0
s2(s1−δ + k1−δn )
2
(s2 + k2n)
2+δ
ds+
∫ ∞
1
s2(1 + k1−δn )
2
(s2 + k2n)
2 ds
)1/2
. (107)
where C :=
∫
d3η′|V13(α′η′)|(1 + |η′|)2δ is finite by (17). The last integral in (107) is
clearly uniformly bounded for all n. To see that the first integral in (107) is uniformly
bounded we use the following inequality
(s1−δ + k1−δn )
2 ≤ 2(s1−δ)2 + 2(k1−δn )2 ≤ 4(s2 + k2n)1−δ, (108)
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where we used aα + bα ≤ 2(a+ b)α for any a, b ≥ 0 and 0 ≤ α ≤ 1. Hence,∫ 1
0
s2(s1−δ + k1−δn )
2
(s2 + k2n)
2+δ
ds ≤ 4
∫ 1
0
s2ds
(s2 + k2n)
1+2δ
≤ 4
∫ 1
0
s2
s2+4δ
ds ≤ 8. (109)
Thus the rhs of (107) goes to zero by Lemma 2.
Lemma 5. The following estimates hold
J(η′, pζ) ≤ c(1 + |η
′|)δ
p2ζ + k
2
n
for |pζ| ≥ 1, (110)
J(η′, pζ) ≤ c(1 + |η
′|)δ
(p2ζ + k
2
n)
1+δ/2
for |pζ| ≤ 1, (111)
where c > 0 is a constant.
Proof. Using the trivial inequality |z + z′|δ ≤ |z|δ + |z′|δ for any z, z′ ∈ R3 it is easy to
see that ∫
d3ζ
(
1 + |myηη +myζζ |δ
)
e−b˜2|mxηη+mxζζ| ≤ c′(1 + |η|)δ, (112)
where c′ > 0 is some constant. Using (105) and (112) we obtain
J(η′, pζ) ≤ c′
∫
d3η
e−
√
p2
ζ
+k2n|η−η
′|
|η − η′| (1 + |η|)
δ ≤ c′
∫
d3t
e−
√
p2
ζ
+k2n|t|
|t| (1 + |t+ η
′|)δ
≤ c′
∫
d3t
e−
√
p2
ζ
+k2n|t|
|t| {1 + |η
′|δ + |t|δ}. (113)
Now the statement easily follows.
Remark. The proof of Lemma 3 is not just a mathematical formality, as can be illustrated
by the following example. Suppose that two particles 2, 3 are identical and Vik ≤ 0 for
all 1 ≤ i < k ≤ 3. Suppose also that H ≡ H(1) ≥ 0, where H(1) is defined through (1),
and particle pairs {1, 2} and {1, 3} have zero energy resonances. In this case there exists
[4, 5, 11] an orthonormal sequence φn such that Hφn = Enφn, where En < 0, En → 0.
Similar to Lemma 1 one can prove that φn = f
(12)
n +f
(13)
n , where f
(ik)
n := [H0+k
2
n]
−1|vik|φn
and the sequences f
(12)
n , f
(13)
n must totally spread. However, a relation like (20) for
f
(12)
n (and a similar relation for f
(13)
n with rotated Jacobi coordinates) would be wrong.
Indeed, as we have already mentioned in the remark after Theorem 2 one can choose
the mass ratios in such a way that the sequence φn would have an angular momentum
different from zero. At the same time, the limiting expression in (20) always has zero
angular momentum. Additionally, one can prove that (φn, φn+1) = 0 would not hold
in this case in the limit of large n. This example demonstrates that the condition that
only one particle pair has a zero energy resonance is crucial to the proof of Lemma 3.
Finally, let us show how the angular probability distribution in (5) can be derived
using a less rigorous but more physical approach. The derivation below was proposed
by one of the referees, whose contribution is gratefully acknowledged. Suppose that
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the interaction between particles 1, 2 depends on |x| and is resonant, while other
pair–interactions are non–resonant. Let us consider the ground state wave function
ψ∞(x, y) > 0 of the Hamiltonian (1) for λ = λcr, which as we know from [1] is not
normalizable. The wave function ψ∞ obeys the equation [H0 + v12 + v13 + v23]ψ∞ = 0,
where the interactions v13, v23 can be dropped because they are non–resonant (c.f.
Lemma 1). Since the rest term in the Hamiltonian is invariant with respect to
independent rotations of vectors x and y, the ground state should possess the same
symmetry, that is, we can write the wave function as ψ∞(|x|, |y|). Following the recipe
in [11, 18] we can replace the resonant interaction v12 through the boundary condition
∂(|x|ψ∞)/∂|x| = 0 and solve instead the equation H0ψ∞ = 0 using this boundary
condition. Setting ψ0(|x|, |y|) := |x||y|ψ∞(|x|, |y|) we obtain the following equation(
∂2
∂|x|2 +
∂2
∂|y|2
)
ψ0(|x|, |y|) = 0, (114)
where ψ0(|x|, |y|) should satisfy boundary conditions ∂ψ0/∂|x| = 0 and ψ0(|x|, 0) = 0.
In polar coordinates (114) reads
1
ρ
∂ψ0(ρ, θ)
∂ρ
+
∂2ψ0(ρ, θ)
∂ρ2
+
1
ρ2
∂2ψ0(ρ, θ)
∂θ2
= 0, (115)
where ρ, θ were defined in Sec. 1. Separating radial and angular variables one easily finds
that the solution of (115), which satisfies the aforementioned boundary conditions, is
given by ρ−n sin(nθ) for n = 1, 3, 5, . . .. The non–normalizable wavefunction corresponds
to n = 1, which gives ψ0(ρ, θ) = ρ
−1 sin(θ). Returning back to the original wave function
ψ∞ results in ψ∞(ρ, θ) = [ρ
−3 cos θ]−1. This is the expression in (22) that we obtain
after removing the normalization factor and setting kn = 0. This angular dependence
in ψ∞(ρ, θ) leads to the universal angular probability distribution (5).
4. Physical Applications
In nuclear physics one encounters nuclei [19], which effectively possess the three–particle
Borromean structure consisting of two neutrons and a tightly bound core. In most
applications the core can be well treated as a structureless particle. Borromean in this
context means that the three constituents are pairwise unbound rather like heraldic
Borromean rings. The ground states in some of these nuclei are weakly bound and
two neutrons form a dilute halo around the core. Thereby a substantial part of the
wavefunction is located in the classically forbidden region so that resulting inter-particle
distances exceed by far the range of the interaction. Typical examples of such halo nuclei
are weakly bound 6He and 11Li. The calculated density correlation plots in [19, 20]
reveal the formation of the so–called “dineutron peak” in the ground state. There is
another peak called a cigar–like peak but the substantial part of the wave function that
is responsible for the halo formation concentrates in the dineutron peak. The dineutron
peak is remarkably well fitted by the angular probability distribution in (5).
Additional applications one could find in Efimov physics. The so–called three–
particle Efimov states predicted in [11] appear when two binary subsystems either have
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very large scattering lengths or bound states close to zero energy threshold. Efimov
states were found experimentally in the ultracold Bose gas of cesium atoms [21]. In [1]
we predicted the existence of very spatially extended halo-like states for three atoms
near zero-energy threshold, if one pair of atoms has a large scattering length (that is, it
is close to the zero-energy resonance). These states can be looked for in ultracold gas
mixtures prepared through the appropriate Feshbach tuning. The reported result shows
that the density distribution in such system of three atoms would have a universal form
described by (5), which at sufficiently large distance should match the nucleon density
in nuclear halos.
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